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Abstract: Consequences of QCD current algebra formulated on a light-like hyperplane
are derived for the forward scattering of vector and axial-vector currents on an arbitrary
hadronic target. It is shown that current algebra gives rise to a special class of sum rules
that are direct consequences of the independent chiral symmetry that exists at every point on
the two-dimensional transverse plane orthogonal to the lightlike direction. These sum rules
are obtained by exploiting the closed, infinite-dimensional algebra satisfied by the transverse
moments of null-plane axial-vector and vector charge distributions. In the special case of a nu-
cleon target, this procedure leads to the Adler-Weisberger, Gerasimov-Drell-Hearn, Cabbibo-
Radicatti and Fubini-Furlan-Rossetti sum rules. Matching to the dispersion-theoretic lan-
guage which is usually invoked in deriving these sum rules, the moment sum rules are shown
to be equivalent to algebraic constraints on forward S-matrix elements in the Regge limit.
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1 Introduction
Consequences of the chiral symmetries of QCD for nucleon structure are usually viewed
impressionistically as arising from the presence of a “pion cloud” that surrounds the nucleon,
whose quantitative physical effects can be calculated systematically using chiral perturbation
theory (χPT), an expansion in small momenta and quark masses [1, 2]. However, there
are other consequences of QCD chiral symmetries that are difficult to access using effective
field theory, as the chiral constraints occur in the form of sum rules which correlate many
hadronic length scales [3–5]. These sum rules are profitably studied by considering matrix
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elements of the QCD chiral symmetry currents and in particular of the Lie brackets that these
currents obey on the light-cone. This paper provides a unified and self-contained derivation
of a special class of chiral sum rules which constrain the scattering of currents on arbitrary
hadronic targets in a manner consistent with QCD and its symmetries.
The sum rules that are obtained distinguish themselves from other current-algebra sum
rules in that they are entirely consequences of symmetry. Many of the relations that we derive
are known, however their modern interpretation is somewhat murky in the sense that the
connection to the symmetries of the underlying theory is obscured. Consider, for example, the
Gerasimov-Drell-Hearn (GDH) sum rule [6, 7] and the Adler-Weisberger (AW) sum rule [8, 9]
for the nucleon. In the modern viewpoint, these sum rules are obtained as follows. One
derives soft-photon and soft-pion theorems (the latter using χPT), respectively, to determine
a scattering amplitude at low incident photon or pion energy. The machinery of dispersion
relations then relates the scattering amplitude at the special low-energy kinematical point
to the integral of the imaginary part of the amplitude over all energies. The caveat here is
that the convergence of the integral requires one to assume an asymptotic behavior of the
scattering amplitude that is softer than that required by unitarity via the Froissart-Martin
bound [10, 11]. As these sum rules are for forward scattering, the asymptotic behavior is
governed by the Regge limit (s −t) and therefore general assumptions that are suggested
by models like Regge pole theory are invoked to motivate the desired asymptotic behavior.
While this logic is unassailable, this point of view obscures the origin of the sum rule by
introducing mysterious model dependence which is actually not present. Indeed, it will be
shown in this paper that the asymptotic behavior of a class of amplitudes which scatter
the QCD vector and axial-vector currents on arbitrary hadronic targets in the Regge limit
is a direct consequence of the QCD algebra of currents. In practice, this implies that these
scattering amplitudes in the Regge limit can be expressed in terms of null-plane QCD operator
structures that vanish in the chiral symmetry limit.
A useful tool for establishing the chiral sum rules is null-plane quantization (front-form
dynamics) [12–14]. For reasons that will be made clear in the text, in null-plane coordinates
it is possible to give a transparent and frame-independent derivation of the sum rules1. While
the derivation of the sum rules is independent of considerations of the hadronic constituents,
it is well known that the null plane formulation lends itself to an intuitive picture of a hadron
in terms of partonic degrees of freedom2.
It is useful to build some physical intuition to understand why chiral and gauge symme-
tries should lead to sum rules, and, in particular, to understand why null planes, which are
quantization surfaces designed for the study of high-energy processes, are useful for obtain-
ing these sum rules. As an example, consider the low-energy scattering of a pion with an
1 The same results can be obtained in the usual equal-time quantization (instant-form dynamics) [12].
However, this requires one to work in special (fictitious) Lorentz frames in which the system is boosted to
infinite momentum [15]. In addition to the lack of frame independence, there are subtle issues in taking the
limit which sometimes lead to incorrect results [16].
2See, for instance, Ref. [17–19].
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arbitrary hadronic target. In QCD this process is described in a model-independent manner
using χPT. Beyond leading order in χPT, there arise operators whose couplings appear not
to be constrained by chiral symmetry, and which must therefore be fixed by experiment or
through lattice QCD simulations. As the momentum of the external pion gets larger there is
some point at which the chiral expansion fails and predictive power is lost. Now if one chooses
kinematics with fixed-t and large-s, then at large enough s, one expects that the scattering
amplitude will behave as dictated by Regge lore. Therefore, as one continuously varies the
momentum from low to high, the scattering amplitudes must change from polynomial growth
in momentum, to soft behavior that is at least as soft as required by unitarity and sometimes
softer. That this occurs is not entirely surprising as new degrees of freedom must be inte-
grated in as momentum increases beyond new production thresholds. Nevertheless, these new
states must have masses and couplings that are related to those of the pions and the hadronic
target in order that the necessary cancellations take place which give rise to Regge behavior
in the asymptotic limit [3–5, 20]. The procedure outlined above was carried out explicitly
by Weinberg, who wrote down the most general chiral Lagrangian which gives rise to the
scattering of pions on arbitrary hadronic targets in the forward limit, calculated the scatter-
ing amplitude involving the sum of all tree graphs and, extracted –via contour integration–
the asymptotic behavior of the amplitude and found that it takes a manifestly Lie algebraic
structure consistent with the full chiral symmetry group. Since the Lie algebraic form of the
constraint appears as the coefficient of the leading term in a high-energy expansion, it is not
particularly surprising that null-plane quantization becomes a useful tool to derive the sum
rules directly from the QCD current algebra. Indeed, it will be shown that Weinberg’s results
emerge as a special case when the sum rules are saturated with single-particle states.
The argument given above may seem inconsistent to the χPT practitioner since the low-
energy constants of χPT are, naively, not constrained by chiral symmetry. That is, χPT
is constructed by choosing definitions of fields such that all of the chiral symmetry resides
in the pion fields and all other fields transform according to the unbroken vector subgroup.
As emphasized by Weinberg, this seeming contradiction arises because symmetries like chiral
symmetry (and gauge invariance and general coordinate invariance) have two manifestations
which lead to distinct constraints on physical observables. Weinberg has referred to these
two kinds of symmetry constraints as “dynamical” and “algebraic”, respectively [3, 21]. A
dynamical symmetry is a symmetry of the Lagrangian which is not a symmetry of the phys-
ical Hilbert space and manifests itself through low-energy theorems. An algebraic symmetry
is a physical symmetry of Hilbert space and manifests itself through algebraic constraints
on the S-matrix. It is interesting that one of these manifestations appears naturally in the
instant-form of dynamics, while the other appears naturally in the front-form. Specifically,
instant-form chiral symmetry constrains low-energy processes with pions on external lines via
χPT, whereas front-form chiral symmetry constrains the asymptotic behavior of a class of
scattering amplitudes with pions on external lines. Indeed, there is an even more general kind
of complementarity between the two descriptions. In the instant form, which is conveniently
formulated in terms of Lorentz invariant, local quantum field theory, the dynamical conse-
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quences of chiral symmetry are manifest, which, for instance, give rise to the consequences
of chiral symmetry that are encoded in χPT via Lagrangian field theory, while the algebraic
consequences of chiral symmetry are enigmatic and therefore are usually assumed or mod-
elled (for instance, using Regge pole theory). By contrast, in the front form, the situation is
reversed; chiral symmetry constrains the asymptotic behavior of the S-matrix while Lorentz
invariance and locality (in the longitudinal coordinate) are hidden in the same sense that
the hadronic spectrum is hidden, and the chiral-symmetry transformation properties of the
quark mass matrix, which lead to χPT, are obscured. While physics is clearly independent
of the choice of coordinates, one may suspect that in considering a theory like QCD, whose
solution is unknown, the use of distinct quantization surfaces would prove fruitful. This paper
provides evidence that this is indeed the case.
The null-plane description is tailored to describe hadrons or their constituent partons that
are moving very fast (large longitudinal momentum p+) relative to the vacuum (p+ = 0). It
is then difficult to visualize how spontaneous breaking of chiral symmetry can occur on null-
planes and communicate itself to the hadron and constrain its structure [22–24]. One of the
drawbacks of the null-plane description has been the lack of a consistent formalism to think
about chiral symmetry breaking. Building on earlier work [25–32], recent studies [33, 34] have
considered fundamental issues of chiral symmetry breaking in detail in a model-independent
manner, including a proof of Goldstone’s theorem and the issue of chiral condensates and how
they appear on the null plane. In some sense, what follows is a continuation of this previous
work with an emphasis on the observable consequences of chiral symmetry of the algebraic
type which arise from considerations of the full current algebra.
This paper is organized as follows. Section 2.1 establishes the necessary null-plane QCD
notation. The QCD current algebra that gives rise to the chiral sum rules and its non-
canonical modifications is obtained in Section 2.2, and current algebra is reduced to algebraic
constraints on the moments of vector and axial-vector charge distributions on the transverse
plane in Section 2.3. The basic kinematics and technology necessary for the sum rule deriva-
tions are set up in Section 2.4. The simplest moment sum rules are obtained in Section 3
for Lie brackets of axial-axial (Section 3.1), vector-vector (Section 3.2) and axial-vector (Sec-
tion 3.3 and Section 3.4) type, both in the general case of arbitrary hadronic targets, and
in the special case of a nucleon target. Section 4 re-expresses the sum rules in terms of the
asymptotic behavior of the relevant forward scattering amplitudes in the Regge limit. This
demonstrates that the asymptotic behavior derived from null-plane QCD is consistent with
Regge lore and can be understood as arising directly from symmetry constraints on the S-
matrix. In Section 5 the conclusions are summarized and discussed. Much of the technology
and notation is taken from Ref. [33]. Basic null-plane coordinate conventions, and our con-
ventions for the various form-factors and scattering amplitudes are relegated to appendices.
The reader who is familiar with history will find much that is familiar in this paper.
However, while many of the results that are derived are known in the literature, they are
quite distinct in origin, both as regards the technology with which they are derived and also
as regards the manner in which they are applied. One of the goals of this paper is to provide a
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unifying framework for the derivation of the sum rules whose content can be directly tracked
to QCD symmetries.
2 Null-plane QCD constraints
2.1 Chiral symmetry and currents
Consider QCD with two degenerate flavors of light quarks. In the chiral limit of massless
quarks this theory has an SU(2)L ⊗ SU(2)R invariance
ψ(x)→ e−iθαTαψ(x) , ψ(x)→ e−iθαTαγ5ψ(x) , (2.1)
where ψ(x) is the isodoublet quark field, and Tα = τα/2. The corresponding instant-form
Noether currents are
Jµα(x) = ψ¯(x)γ
µTαψ(x) , J
µ
5α(x) = ψ¯(x)γ
µγ5Tαψ(x) . (2.2)
Both of these currents are conserved in the chiral limit.
In null-plane quantization (see Appendix A for coordinate conventions) the non-dynamical
degrees of freedom are integrated out leaving behind the dynamical gluon field and the dy-
namical quark fields, ψ+ ≡ Π+ψ, where the projection operator is defined as Π± ≡ 12γ∓γ±
and γ+ ≡ γ · n and γ− ≡ γ · n¯. At equal null-plane time, the dynamical quark field satisfies
{ψ+(x) , ψ†+(y)}|x+=y+ = 1√2Π
+ δ(x− − y−)δ2(x⊥ − y⊥) . (2.3)
The presence of the SU(2)L ⊗ SU(2)R invariance is of course independent of the choice
of initial quantization surface and indeed in null-plane QCD the chiral transformations are
ψ+(x)→ e−iθαTαψ+(x) , ψ+(x)→ e−iθαTαγ5ψ+(x) , (2.4)
which give rise to the front-form (tilded) Noether currents J˜µ(5)α(x). While the vector currents
are independent of the choice of coordinates, J˜µα(x) = J
µ
α(x), the instant-form and front-form
axial currents only share the + component, J˜+5α(x) = J
+
5α(x), a reflection of the fundamentally
important property that J˜µ5α(x) is not conserved,
∂µJ˜
µ
5α(x) ≡ D˜5α(x) = FpiM2pi p˜iα(x) , (2.5)
even in the chiral limit [32–34]. It is important to stress that in null-plane quantization,
the chiral limit should be taken only after taking matrix elements of the pion interpolating
operator p˜iα(x). Using LSZ reduction it is easy to see that these matrix elements scale as
M−2pi [33], which immediately implies that the matrix element of the axial-vector current
divergence is non-vanishing and independent of Mpi.
In what follows only the null-plane vector and axial-vector charge distributions,
J˜µα(x) = ψ¯+(x)γ
µTαψ+(x) = J
µ
α(x) , J˜
+
5α(x) = ψ¯+(x)γ
+γ5Tαψ+(x) = J
+
5α(x) , (2.6)
will be considered. For a complete catalog of notation, the reader should consult Ref. [33].
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2.2 Current algebra on the light-cone
Following the canonical procedure, the null-plane time components of the vector and axial
charge distributions are found to satisfy commutation relations at equal null-plane time3:
[ J˜+α (x) , J˜
+
β (y) ]|x+=y+ = i αβγ J˜+γ (x)δ(x− − y−) δ2(x⊥ − y⊥) ; (2.7)
[ J˜+5α(x) , J˜
+
β (y) ]|x+=y+ = i αβγ J˜+5γ(x)δ(x− − y−) δ2(x⊥ − y⊥) ; (2.8)
[ J˜+5α(x) , J˜
+
5β(y) ]|x+=y+ = i αβγ J˜+γ (x)δ(x− − y−) δ2(x⊥ − y⊥) . (2.9)
As the charge distributions satisfy the chiral algebra at every point in space4, the associated
symmetry is infinite dimensional. However, it is clear that there are important terms missing
from the canonical procedure which must be present on general grounds [16, 35, 36]. The
vacuum expectation values of the commutators of the currents have the well-known spectral
decomposition [37]
〈 0 |[ Jµα(x) , Jνβ (0) ]| 0 〉 = δαβ
∫
dλ2
(
gµν − ∂µ∂ν/λ2) ρ(1)V (λ2)∆(x;λ2) ; (2.10)
〈 0 |[ Jµ5α(x) , Jν5β(0) ]| 0 〉 = δαβ
∫
dλ2
[ (
gµν − ∂µ∂ν/λ2) ρ(1)A (λ2)− ∂µ∂νρ(0)A (λ2)]∆(x;λ2)(2.11)
where ρ
(S)
V,A are the spin-S spectral functions, and the free-field commutator function is
∆(x;λ2) =
1
(2pi)3
∫
d4k ε(k0)δ(k2 − λ2)e−ikx =
x+=0
− i
4
ε(x−)δ2(x⊥) . (2.12)
where ε(z) is the sign function. The vacuum expectation values in Eqs. (2.10) and (2.11)
cannot vanish due to positivity constraints. However, the vacuum expectation values of the
right-hand sides of Eqs. (2.7) and (2.9) do vanish. Therefore the canonical commutators must
be modified to:
[ J˜+α (x) , J˜
+
β (y) ]|x+=y+ = i αβγ J˜+γ (x)δ(x− − y−) δ2(x⊥ − y⊥)
−14 iδαβ∂x−∂y−[SV ε(x− − y−) δ2(x⊥ − y⊥)]; (2.13)
[ J˜+5α(x) , J˜
+
β (y) ]|x+=y+ = i αβγ J˜+5γ(x)δ(x− − y−) δ2(x⊥ − y⊥) ; (2.14)
[ J˜+5α(x) , J˜
+
5β(y) ]|x+=y+ = i αβγ J˜+γ (x)δ(x− − y−) δ2(x⊥ − y⊥)
−14 iδαβ∂x−∂y−[SAε(x− − y−) δ2(x⊥ − y⊥)] . (2.15)
3Specifying the commutator at equal null-plane time is equivalent to specifying it on the light cone since
with x+ = y+, (x − y)2 = −(x⊥ − y⊥)2 < 0 and therefore the commutator vanishes by causality unless
(x− y)2 = 0.
4As the structure constants are highly singular, one can interpret this statement in the regulated sense
where space is replaced by a set of discrete points and the commutators become, for instance, [ J˜+α (i) , J˜
+
β (j) ] =
i αβγ J˜
+
γ (j)δij .
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x 
Vacuum
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Figure 1. The dots represent the projections of partons, or sources of vector and axial charge, onto the
transverse plane, specified by the coordinates x⊥ = (x1, x2). The vacuum physics is at the boundary
of the longitudinal coordinate, x−.
Here SV,A are taken to be c-numbers, which is the minimal prescription which will satisfy the
constraints of Eqs. (2.10) and (2.11). By matching one finds5
SV =
∫
dλ2ρ
(1)
V (λ
2)/λ2 ; (2.16)
SA =
∫
dλ2
(
ρ
(0)
A (λ
2) + ρ
(1)
A (λ
2)/λ2
)
. (2.17)
Note that due to parity conservation, the mixed axial-vector commutator has no vacuum
expectation value and therefore no non-canonical modification of the current algebra is neces-
sary. Clearly the infinite-dimensional symmetry of the canonical current algebra is, in general,
modified by these extra terms that represent vacuum physics at the boundary of the longi-
tudinal coordinate (see fig. 1). Integrating over the longitudinal direction, one obtains new
purely transverse currents
F˜(5)α(x) = F˜(5)α(x
+,x⊥) =
∫
dx− J˜+(5)α(x) (2.18)
5Setting SV = SA gives the first spectral function sum rule [38]. This is expected since the original derivation
obtained this relation by equating the Schwinger terms of the (instant-form) time-space current commutators,
which are felt by the ++ null-plane current commutators at the tip of the light cone.
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which satisfy the current algebra:
[ F˜α(x) , F˜β(y) ]|x+=y+ = i αβγ F˜γ(x)δ2(x⊥ − y⊥) ; (2.19)
[ F˜5α(x) , F˜β(y) ]|x+=y+ = i αβγ F˜5γ(x)δ2(x⊥ − y⊥) ; (2.20)
[ F˜5α(x) , F˜5β(y) ]|x+=y+ = i αβγ F˜γ(x)δ2(x⊥ − y⊥) . (2.21)
These commutation relations, by construction, have no vacuum expectation value and satisfy
an su(2)L⊗su(2)R algebra at each point in the transverse plane. It is this infinite-dimensional
chiral symmetry on the transverse plane that is exploited in this paper; indeed all of the sum
rules that are derived follow from these brackets.
One immediately wonders whether, in principle, singular terms involving purely trans-
verse gradients could appear on the right-hand side of Eqs. (2.13-2.15). Such terms would lead
to a breaking of the infinite-dimensional chiral symmetry on the transverse plane indicated
by Eqs. (2.19-2.21), and leave only the global chiral symmetry satisfied by the chiral charges
that must be present after integration over the transverse coordinates. It is straightforward to
construct examples of such singular terms [39, 40]. For instance, consider the QCD Symanzik
action [41], a continuum effective field theory of lattice QCD near the continuum limit, which
in general contains a dimension-five operator, the Pauli term, which scales like the lattice
spacing and gives the quarks a (chromo)magnetic moment [42]. This operator breaks chiral
symmetry in the same way as the quark mass matrix and can be shown to contribute a trans-
verse gradient to the right hand side of the current algebra in Eqs. (2.13-2.15). Of course
this extra term violates scaling and vanishes in the continuum limit. Here the sum rules
that are derived from Eqs. (2.19-2.21) can be viewed as a means to experimentally verify the
hypothesis that these transverse gradient terms are not present in QCD.
The decoupling of the physics of the longitudinal dimension is a remarkable and well-
known property of the null-plane formulation [19]. It of course leads to the masking of Lorentz
invariance, as discussed in the introduction. However, the non-local light-like correlations that
are introduced by integrating out a dimension of space do not lead to conflicts with causality.
In null-plane quantization physics need not be local in x− − y− as (x− y)2 does not depend
on x− − y− when x+ = y+ (see footnote 4). Hence, causality is ensured by locality in the
transverse coordinates alone, as is made manifestly clear in the form of Eqs. (2.13-2.15).
2.3 Charge and moment algebras
The null-plane chiral symmetry charges are defined by
Q˜α =
∫
dx− d2x⊥ J˜+α (x) , Q˜5α(x
+) =
∫
dx− d2x⊥ J˜+5α(x) . (2.22)
The axial-vector charge is null-plane time dependent as the axial-vector current is not con-
served. These charges generate the su(2)L ⊗ su(2)R algebra:
[ Q˜α , Q˜β ] = i αβγ Q˜γ ; (2.23)
[ Q˜5α(x
+) , Q˜β ] = i αβγ Q˜5γ(x
+) ; (2.24)
[ Q˜5α(x
+) , Q˜5β(x
+) ] = i αβγ Q˜γ . (2.25)
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One can also form moments of the currents. Of particular interest are the following:
d˜r(5)α(x
+) =
∫
dx− d2x⊥ xr J˜+(5)α(x) , r˜
rs
(5)α(x
+) =
∫
dx− d2x⊥ xrxs J˜+(5)α(x) (2.26)
where r, s = 1, 2 are transverse spatial indices. The null-plane time dependence of the axial
charge and of all the higher moments has been left explicit, as these operators are not con-
served [33]. This is of crucial importance for all that follows, as only operators that depend on
null-plane time will have non-vanishing matrix elements between states that exchange energy.
In extracting the physical content from commutators of operators, matrix elements between
physical states must be taken and the insertion of a complete set of states in the product of
operators will be non trivial only if both operators depend on null-plane time. Hence, the
matrix elements between physical momentum states of Eq. (2.23) and Eq. (2.24) are trivial
and simply give information about the isospin transformation properties of matrix elements
of charges, whereas the matrix element of Eq. (2.25) is highly non-trivial and provides pow-
erful constraints on the manner in which chiral charge spreads out among the hadrons in the
broken phase via pion-hadron scattering. Other non-trivial commutators among the moments
and charges follow simply from the current algebra, Eqs. (2.19-2.21). The simplest non-trivial
vector-vector commutator is:
[ d˜rα(x
+) , d˜sβ(x
+) ] = i αβγ r˜
rs
γ (x
+) . (2.27)
This commutator provides constraints on the moments of the hadronic vector form factors
via Compton scattering. The simplest non-trivial axial-vector commutator is:
[ Q˜5α(x
+) , d˜rβ(x
+) ] = i αβγ d˜
r
5γ(x
+) , (2.28)
which provides constraints on the moments of the hadronic axial-vector form factors via pion
photoproduction. A second mixed axial-vector commutator,
[ Q˜5α(x
+) , r˜rsβ (x
+) ] = i αβγ r˜
rs
5γ(x
+) , (2.29)
constrains the axial radii of hadrons via pion electroproduction. This identification of non-
trivial Lie brackets continues to hold for the commutator of any two null-plane-time-dependent
operators that are constructed from the vector and axial-vector charge distributions. Hence
it is useful to define the general moment operators
OΓ(5)(5)α(x+) ≡
∫
dx− d2x⊥ Γ(5) J˜+(5)α(x) =
∫
d2x⊥ Γ(5) F˜(5)α(x) , (2.30)
where Γ(5) = Γ(5)(x⊥) is a function of the transverse coordinates and can be a tensor of
arbitrary rank. With Γ5 = Γ = 1, these operators reduce to the null-plane axial and vector
charges. The moment operators then satisfy an algebra that is equivalent to that of Eqs. (2.19-
2.21)
[OΓα(x+) , OΓ¯β (x+) ] = i αβγOΓ Γ¯γ (x+) ; (2.31)
[OΓ55α(x+) , OΓβ (x+) ] = i αβγOΓ5Γ5γ (x+) ; (2.32)
[OΓ55α(x+) , OΓ¯55β(x+) ] = i αβγOΓ5Γ¯5γ (x+) . (2.33)
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The commutators hold globally and the infinite-dimensionality arises from the arbitrary
choice of the moments via Γ(5) and Γ¯(5). It is straightforward to express the moment al-
gebra as a closed algebraic system by working in the basis of the circular harmonics, ei`θ,
where ` is the angular momentum on the plane. An arbitrary tensor in the transverse co-
ordinates, xrxs . . . xt, can be decomposed into circular harmonics by contracting with the
two-dimensional vectors er⊥ = (1, i) and e¯
r
⊥ = (1,−i), whose product, e¯r⊥es⊥ = δrs + irs,
contains the two SO(2) tensors. In circular coordinates, x1 = r cos θ and x2 = r sin θ
where r = |x⊥|. Therefore, the holomorphic and anti-holomorphic transverse coordinates
are z ≡ er⊥xr = x1 + ix2 = reiθ and z¯ ≡ e¯r⊥xr = x1 − ix2 = re−iθ. The moments defined as
Om,m¯(5)α (x+) =
∫
d2x⊥ zmz¯m¯ F˜(5)α(x) , (2.34)
with m, m¯ ∈ Z satisfy the closed algebra
[Om,m¯α (x+) , On,n¯β (x+) ] = i αβγOm+n,m¯+n¯γ (x+) ; (2.35)
[Om,m¯5α (x+) , On,n¯β (x+) ] = i αβγOm+n,m¯+n¯5γ (x+) ; (2.36)
[Om,m¯5α (x+) , On,n¯5β (x+) ] = i αβγOm+n,m¯+n¯γ (x+) . (2.37)
The helicity content of each of the Lie brackets is governed by the circular harmonic with
` = m+n− m¯− n¯. The holomorphic (anti-holomorphic) sector with m¯ = n¯ = 0 (m = n = 0)
corresponds to the maximal (minimal) helicity. For instance, Eq. (2.27) is contained in
Eq. (2.35) with n = m = 1, m¯ = n¯ = 0 corresponding to ` = 2, n = m = 0, m¯ = n¯ = 1
corresponding to ` = −2, and m = n¯ = 1, n = m¯ = 0 and m = n¯ = 0, n = m¯ = 1
corresponding to ` = 0.
Evidently the algebra of Eqs. (2.35-2.37) corresponds to a mapping of the transverse plane
to the chiral group SU(2)L ⊗ SU(2)R. It is important to stress that, despite the presence
of the algebra, only the isospin charges are conserved quantities. It is the null-plane time
dependence of the operators which give rise to non-trivial constraints on S-matrix elements.
In the limit of unit radius, z¯ = z−1, this algebra reduces to the mapping of the unit circle to
the chiral group and is thus an untwisted affine Kac-Moody algebra without central charge
(loop algebra), ŝu(2)L ⊗ ŝu(2)R [43, 44]. The moments with unit radius are unrelated to
forward scattering.
Extracting information from the moments of the currents rather than the currents them-
selves is a matter of choice. Indeed all of the sum rules that follow from the moment algebra
can be obtained by considering matrix elements of the commutators of currents (null-plane
time and space components) and then Taylor expanding in the momentum transfer variable.
We choose to work with the moments as they are well-defined objects that obey a hierarchy
of scales on the transverse plane and satisfy a non-singular closed algebra. In addition, there
is a subtle commutation of limits in working directly with the currents which we choose to
avoid [16].
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Figure 2. Basic forward kinematics of the moment sum rules. The vertical dashed line indicates that
only physical states are present as intermediate states. The process therefore describes a pion (piα) or
an isovector photon (γ) scattering in the forward direction from a hadronic target h to give a pion or
an isovector photon and a hadron h′.
2.4 Fundamental matrix element
In order to extract physics from the Lie brackets satisfied by the moments, one must take
matrix elements of the commutators between hadron states h′ and h 6. The fundamental
matrix element to be evaluated is:
〈h′ , λ′ ; p′+ ,p′⊥ | O
Γ(5)
(5)α(x
+)OΓ¯(5)(5)β(x+) |h , λ ; p+ , p⊥ 〉 . (2.38)
This matrix element of the product of moment operators is exhibited pictorially in fig. 2.
Details regarding the null-plane momentum states are relegated to Appendix A. While gen-
eral sum rules will be derived for arbitrary structure functions, the choice of pions coupling
to the axial-vector current and isovector photons coupling to the vector current will then be
made, both impinging on nucleon targets. As will be seen in detail, the blob in fig. 2 cor-
responds to the imaginary part of the forward scattering amplitude (and its derivatives) for
pion scattering, Compton scattering and pion photo/electroproduction. In the forward limit
(t = 0), we choose a coordinate system with four-momenta assigned as in fig. 2: q = (0,0, q−),
q′ = (0,0, q′−), p = (p+,p⊥, p−), and p′ = (p+,p⊥, p′−). Therefore, the Mandelstam variables
6It is understood that these matrix elements will be non-vanishing only if allowed by QCD symmetries. For
instance, if h is a baryon, then so is h′.
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are:
s = (p + q)2 = M2h + 2p
+q− (2.39)
= (p′ + q′)2 = M2h′ + 2p
+q′− ; (2.40)
u = (p′ − q)2 = M2h′ − 2p+q− (2.41)
= (p − q′)2 = M2h − 2p+q′− , (2.42)
and ν¯ ≡ p·q = p+q−. Off-forward kinematics will be adopted in the derivation of the sum rule
in Section 3.4, using the kinematical choices outlined in Appendix B (Photo/electroproduction).
Generally, a current carrying four-momentum q carries a squared mass given by q2 =
2q+q− − q2⊥. Hence, by choosing q+ = 0, one can hold the mass fixed at its space-like value
while integrating over the null-plane energy q−7. This kinematical property of the null-plane
formulation is at the heart of its utility. For instance, it is precisely this property which leads
to Goldstone’s Theorem on the null-plane [33]. As our currents are massless, our treatment
of q and q′ as “null-vectors” with vanishing momentum facilitates the derivation of the sum
rules.
The matrix element Eq. (2.38) can be evaluated by inserting a complete set of states
between the moment operators. This sum contains the infinite number of single-particle and
continuum states that are connected to the target hadrons by the moment operator. It is
convenient to remove the “Born” contributions, where the moment operators are connecting
hadron states to themselves. The relevant matrix elements are:
〈h′ , λ′ ; p′ |OΓ(5)(5)α(x+)|h , λ ; p 〉 =
∫
dx− d2x⊥ Γ(5) eix·q〈h′ , λ′ ; p′ |J˜+(5)α(0)|h , λ ; p 〉,(2.43)
where translational invariance (see Eq. (A.4)) has been used and here q = (p′+ − p+,p′⊥ −
p⊥, q−). Therefore the Born contributions (h = h′) will be given by the elastic vector and
axial-vector form factors of the hadron h and their derivatives in the forward direction.
Contributions from all other states that appear in the completeness sum are efficiently
extracted by considering the null-plane time dependence of the moment operators. Using
Eq. (A.5) gives
OΓα(x+) |h , λ ; p 〉 =
i
(p− − P−)
∫
dx−d2x⊥ (∂rΓ) J˜rα(x)|h , λ ; p 〉 ; (2.44)
OΓ55α(x+) |h , λ ; p 〉 =
i
(p− − P−)
∫
dx−d2x⊥
[
(∂rΓ5) J˜
r
5α(x) + Γ5D˜5α(x)
]|h , λ ; p 〉. (2.45)
Note the appearance of the energy denominators which include the null-plane Hamiltonian
operator P−. These are critical in what follows as they give the appropriate energy weightings
of the sum rules which are necessary for convergence in the high-energy limit.
7This “fixed-mass” limit has nothing to do with short-distance physics and is therefore far from the kine-
matical region where QCD degrees of freedom may be profitably used. Indeed, this limit is naturally related
to a long-distance multipole-like expansion on the transverse plane, as will be seen below.
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There is only a single conserved moment, O1α = Q˜α, which is the isovector charge, whose
non-vanishing matrix elements give the isospin matrix of the hadron,
〈h′ , λ′ ; p′ |Q˜α|h , λ ; p 〉 = (2pi)3 δ( q+ ) δ2( q⊥ )〈h′ , λ′ ; p′ |J˜+α (0)|h , λ ; p 〉
= (2pi)3 2 p+ δ( q+ ) δ2( q⊥ )[Tα ]h δh′h δλ′λ . (2.46)
By contrast, the matrix element of the axial charge is an S-matrix element,
〈h′ , λ′ | Q˜5α(x+) |h , λ 〉 = (2pi)3 2 p+ δ( q+ ) δ2( q⊥ )[Xα(λ) ]h′h δλ′λ , (2.47)
where [Xα(λ) ]h′h is the hadronic axial-vector coupling matrix. In particular, the Feynman
amplitude for the pion transition process h→ h′ + pi may be written [3]
Mα( p′, λ′, h′ ; p, λ, h ) = i
Fpi
(M2h − M2h′ ) [Xα(λ) ]h′h δλ′λ . (2.48)
3 Moment sum rules
3.1 Axial-Axial
General case
We will begin with the simplest case. Consider the matrix element between hadronic momen-
tum states of the commutator of axial charges, Eq. (2.25):
〈h′ , λ ; p′ |[ Q˜5α(x+) , Q˜5β(x+) ]|h , λ ; p 〉 = i αβγ 〈h′ , λ ; p′ |Q˜γ |h , λ ; p 〉 . (3.1)
Note that because the charges are Lorentz scalars, they do not change the helicity of the
hadronic states (they contain only the ` = 0 circular harmonic). Therefore, ∆λ ≡ λ′ − λ =
` = 0. The Born contribution to the left hand side (LHS) of Eq. (3.1) is:
1
2p+
(2pi)3δ
(
q+
)
δ2 (q⊥)
∑
h′′
〈h′ , λ ; p′|J˜+5α(0)|h′′ , λ ; p〉〈h′′ , λ ; p|J˜+5β(0)|h , λ ; p〉 − c.t . (3.2)
where c.t . refers to the second term in the commutator. The final results are independent
of null-plane time and therefore x+ = 0 is taken from the outset. Using Eq. (2.45) and
translational invariance, gives for the continuum part of the LHS of Eq. (3.1):
(2pi)3δ
(
q+
)
δ2 (q⊥) 〈h′ , λ|(2pi)3 D˜5α(0)δ (P
+ − p+) δ2 (P⊥ − p⊥) D˜5β(0)
(P− − p′−) (P− − p−) |h , λ〉 − c.t . . (3.3)
Defining the structure function
wh
′h
λ;αβ(p, q) ≡ 〈h′ , λ ; p | (2pi)3 D˜5α(0)δ4 (q + p − P ) D˜5β(0) |h , λ ; p 〉 , (3.4)
where here q = (0,0, q−), Eq. (3.3) can be expressed as
(2pi)32p+δ
(
q+
)
δ2 (q⊥) 2
∫ ∞
ν¯T
dν¯
ν¯
(
2ν¯ +M2h −M2h′
)wh′hλ;[αβ](p, q) (3.5)
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where ν¯T is the threshold energy and
wh
′h
λ;[αβ](p, q) ≡ 12
(
wh
′h
λ;αβ(p, q) − wh
′h
λ;βα(p, q)
)
. (3.6)
The RHS of Eq. (3.1) is
(2pi)3 δ( q+ ) δ2( q⊥ )i αβγ 〈h′ , λ ; p′ |J˜+γ (0)|h , λ ; p 〉 (3.7)
where Eq. (2.46) has been used. Finally, matching the LHS and the RHS, and integrating
over the target hadron momenta to remove the momentum delta functions, gives the general
form of the structure-function sum rule:
2
∫ ∞
ν¯T
dν¯
ν¯
(
2ν¯ +M2h −M2h′
) wh′hλ;[αβ](p, q)|q+=q⊥=0
+
1
(2p+)2
∑
h′′
[
〈h′ , λ ; p′ | J˜+5α(0) |h′′ , λ ; p 〉〈h′′ , λ ; p | J˜+5β(0) |h , λ ; p 〉 − c.t .
]
|q+=q⊥=0
=
1
2p+
i αβγ 〈h′ , λ ; p′ |J˜+γ (0)|h , λ ; p 〉 (3.8)
Whether the Born term exists or is removed from the integral depends on the particular
hadronic targets. The Lorentz-invariant manner of the derivation and integration variables
ensure that the sum rule is frame-independent. It is clear that the structure function is related
to the imaginary part of the pih→ pih′ forward scattering amplitude. In the case h = h′, the
imaginary part of the forward scattering amplitude may be replaced with the corresponding
total pih scattering cross-section via the optical theorem, as will be seen below in the nucleon
case.
Nucleon sum rule
Here we specialize to the nucleon, h′, h = N . Using the null-plane decomposition of the
nucleon form factors given in Appendix C, we have
〈N , λ ; p′ |J˜+α (0)|N , λ ; p 〉 = 2p+ξTa (Tα)abξb = 2p+ξT F V1α(0) ξ ≡ 2p+[Tα ]N , (3.9)
where ξa (a = 1, 2) is the nucleon isospinor, and the Born contribution is
(2pi)32p+δ
(
q+
)
δ2 (q⊥) ξT [GAα (0) , G
A
β (0) ] ξ . (3.10)
With the scattering amplitude conventions of Appendix B, the sum rule becomes
F 2pi
pi
∫ ∞
0
dν¯
ν¯2
Im T[αβ](ν¯, 0) + ξT [GAα (0) , GAβ (0) ] ξ = i αβγ ξT F V1γ(0) ξ . (3.11)
Note that the dependence on helicity has been removed as the sum rule holds for λ = ±1/2.
In this form, the sum rule is particularly physically intuitive. It shows that in the presence of
spontaneous chiral symmetry breaking, the axial-vector charge is not conserved and therefore
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the axial form factor at zero momentum transfer deviates from its unbroken value by the
axial-vector charge induced matrix elements that connect the nucleon to all other hadronic
states. Using the conventions of Appendix B, the sum rule can be expressed for pip scattering
in the variable ν as
4F 2pi
pi
∫ ∞
0
dν
ν2
Im D−(ν, 0) + g2A = 1 , (3.12)
and finally, using the optical theorem,
2F 2pi
pi
∫ ∞
ν¯T
dν¯
ν¯
[
σpi
−p(ν¯)− σpi+p(ν¯)
]
+ g2A = 1 . (3.13)
This is the AW sum rule for pion-nucleon scattering in the chiral limit [8, 9]. Here ν¯T is the
physical threshold. Without the benefit of χPT, the original papers made various attempts
at extrapolating away from the chiral limit (see also Ref. [45]). The leading, universal chiral
corrections to the sum rule are obtained in Ref. [46] using χPT, which in addition performs
an updated analysis of the sum rule and finds excellent agreement with experiment.
3.2 Vector-Vector
General case
We will proceed with a derivation of the sum rules relevant to forward Compton scattering.
This derivation parallels that of the last section however it is complicated by the presence of
the higher moments. Consider the matrix element between hadronic momentum states of the
commutator, Eq. (2.27):
〈h′ , λ′ ; p′ |[ d˜rα(x+) , d˜sβ(x+) ]|h , λ ; p 〉 = i αβγ 〈h′ , λ′ ; p′ |r˜rsγ (x+)|h , λ ; p 〉 . (3.14)
As has been shown above, this commutator can be decomposed into circular harmonics ` =
0,±2. Therefore, in general there are non-trivial sum rules for ∆λ = ` = 0,±2. As in the
previous case, the Born contribution will first be extracted from the LHS. One finds
〈h′ , λ′ ; p′ | d˜rα(x+) |h , λ ; p 〉 = (2pi)3δ( q+ )[ i∂rp′ δ2( q⊥ ) ]〈h′ , λ′ ; p′ | J˜+α (0) |h , λ ; p 〉 ,(3.15)
where we are using the notation ∂rp ≡ ∂/∂pr. And the Born contribution to the LHS is
1
2p+
(2pi)3δ( q+ )
∫
d2p′′⊥ [ i∂
r
p′ δ
2( p′⊥ − p′′⊥ ) ][ i∂sp′′ δ2( p′′⊥ − p⊥ ) ]
×
∑
h′′
〈h′ , λ′ ; p′ | J˜+α (0) |h′′ , λ′′ ; p′′ 〉〈h′′ , λ′′ ; p′′ | J˜+β (0) |h , λ ; p 〉 − c.t . . (3.16)
The RHS of Eq. (3.14) is
(2pi)3δ( q+ )[ i∂rpi∂
s
p δ
2( q⊥ ) ]i αβγ〈h′ , λ′ ; p′ | J˜+α (0) |h , λ ; p 〉 . (3.17)
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Proceeding as in the axial-axial case, the continuum contribution to the LHS is
(2pi)3δ( q+ ) δ2( q⊥ )〈h′ , λ′|(2pi)3
J˜rα(0)δ (P
+ − p+) δ2 (P⊥ − p⊥) J˜sβ(0)
(P− − p′−) (P− − p−) |h , λ〉 − c.t . . (3.18)
Now defining the structure function
wh
′h;rs
λ′λ;αβ(p, q) ≡ 〈h′ , λ′ ; p | (2pi)3 J˜rα(0)δ4 (q + p − P ) J˜sβ(0) |h , λ ; p 〉 , (3.19)
and after undergoing various standard manipulations, the general form of the structure-
function sum rule is found to be∫ ∞
ν¯T
dν¯
ν¯
(
2ν¯ +M2h −M2h′
) (wh′h;rsλ′λ;αβ(p, q)− wh′h;srλ′λ;βα(p, q)) |q+=q⊥=0
+
1
(2p+)2
{ ∑
h′′
i∂rp′i∂
s
p′ [〈h′ , λ′ ; p′ | J˜+α (0) |h′′ , λ′′ ; p 〉〈h′′ , λ′′ ; p | J˜+β (0) |h , λ ; p 〉 ]|q+=q⊥=0
+
∑
h′′
[
i∂rp′
(
i∂sk[〈h′ , λ′ ; p′ | J˜+α (0) |h′′ , λ′′ ; k 〉〈h′′ , λ′′ ; k | J˜+β (0) |h , λ ; p 〉 ]
)
|k=p
]
|q+=q⊥=0
−c.t .
}
=
1
2p+
iαβγ
(
i∂rp′i∂
s
p′〈h′ , λ′ ; p′ | J˜+γ (0) |h , λ ; p 〉
)
|q+=q⊥=0 . (3.20)
With isovector photons coupled to the vector currents, it is clear that the structure function
can be related to the imaginary part of the forward Compton scattering amplitude.
Nucleon sum rules
As the nucleon is a spin one-half object, there is no spin flip sum rule. Therefore as in
the previous case, the helicity label will be omitted. Making use of the Compton scattering
conventions of Appendix B, and noting that the first Born term cancels against the RHS, one
readily finds
1
2
∫ ∞
−∞
dν¯
ν¯2
Crsαβ(p, q)|q+=q⊥=0 = ξT
[(
2[F V ′1α (0) , F
V
1β(0) ] −
[ F V2α(0)
2mN
,
F V2β(0)
2mN
])
δrs
− i
{ F V2α(0)
2mN
,
F V2β(0)
2mN
}
rs
]
ξ . (3.21)
Note that crossing symmetry has been used to extend the range of integration. Now the
parts symmetric and antisymmetric in the isospin indices can be matched using the Compton
amplitude decomposition given in Appendix B.
For the antisymmetric part one finds,∫ ∞
ν¯T
dν¯ W1[αβ](ν¯, 0) = −ξT
(
2[F V ′1α (0) , F
V
1β(0) ] −
[ F V2α(0)
2mN
,
F V2β(0)
2mN
] )
ξ . (3.22)
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Using the optical theorem (see Appendix B) this sum rule can be expressed in terms of a
difference of total cross-sections for isovector photons:
1
3
〈r2〉V1 =
(
κV
2mN
)2
+
1
2pi2α
∫ ∞
ν¯T
dν¯
ν¯
(
2σV1/2(ν¯) − σV3/2(ν¯)
)
. (3.23)
This is the Cabbibo-Radicatti (CR) sum rule [47]. Here σVI is the total cross-section for an
isovector photon scattering from a proton to a final hadronic state with isospin I. Early
analyses of this sum rule were given in Ref. [48–50] which confirmed the sum rule at the
ten-percent level. Given the significant recent experimental progress in measuring the various
photoproduction multipoles that dominate this sum rule, it would be interesting to perform
an updated analysis of the CR sum rule.
For the symmetric part one finds,∫ ∞
ν¯T
dν¯
ν¯
[
W3(αβ)(ν¯, 0) + ν¯W4(αβ)(ν¯, 0)
]
= 12ξ
T
{ F V2α(0)
2mN
,
F V2β(0)
2mN
}
ξ . (3.24)
Again using results from Appendix B the sum rule can be expressed in terms of a difference
of total cross-sections:(
κV
2mN
)2
=
1
2pi2α
∫ ∞
ν¯T
dν¯
ν¯
(
σVP (ν¯) − σVA (ν¯)
)
. (3.25)
This is the (isovector) GDH sum rule [6, 7] 8. Here σVP (σ
V
A ) is the total cross-section for an
isovector photon scattering from a nucleon to a final hadronic state with total isospin 1/2
and 3/2 in the parallel (antiparallel) helicity state 3/2 (1/2). Of all the sum rules that we
consider, this one has received the most attention9, although its basis for validity is clearly
no different from that of the CR sum rule. The derivation given here in terms of moments
of currents parallels that given in Ref. [39]. Current-algebra derivations that follow from
consideration of the currents themselves rather than their moments are given in Refs. [52–
54]. These derivations require consideration of the off-forward Compton amplitude.
3.3 Axial-Vector I
General case
Now we will consider the simplest non-trivial commutators of mixed axial-vector type. As
the associated scattering processes are inherently non-diagonal, the sum rules will be for the
absorptive parts of scattering amplitudes. Consider first the matrix element between hadronic
momentum states of the commutator, Eq. (2.28):
〈h′ , λ′ ; p′ |[ Q˜5α(x+) , d˜rβ(x+) ]|h , λ ; p 〉 = i αβγ 〈h′ , λ′ ; p′ |d˜r5γ(x+)|h , λ ; p 〉 . (3.26)
8Note that the isoscalar sum rule as well as the GDH sum rules for the nucleons themselves are obtained
by choosing the appropriate currents.
9For reviews, see Refs. [40, 51].
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As the axial charge is a scalar and the dipole operator changes the helicity of a state by one
unit, this commutator decomposes to circular harmonics ` = ±1. Therefore, the sum rule
necessarily involves helicity flip and ∆λ = ` = ±1. Following the now familiar procedure, the
Born contribution to the LHS is:
1
2p+
(2pi)3δ( q+ )[ i∂rp′ δ
2( q⊥ ) ]
×
∑
h′′
[
〈h′ , λ′ ; p′ | J˜+5α(0) |h′′ , λ′′ ; p′ 〉〈h′′ , λ′′ ; p′ | J˜+β (0) |h , λ ; p 〉
− 〈h′ , λ′ ; p′ | J˜+β (0) |h′′ , λ′′ ; p 〉〈h′′ , λ′′ ; p | J˜+5α(0) |h , λ ; p 〉
]
(3.27)
and the RHS is
(2pi)3δ( q+ )[ i∂rp′ δ
2( q⊥ ) ]i αβγ〈h′ , λ′ ; p′ | J˜+5γ(0) |h , λ ; p 〉 . (3.28)
The continuum contribution is:
(2pi)3δ( q+ ) δ2( q⊥ )〈h′ , λ′|(2pi)3
D˜5α(0)δ (P+ − p+) δ2 (P⊥ − p⊥) J˜rβ(0)
(P− − p′−) (P− − p−) |h , λ〉 − c.t . (3.29)
and therefore here we define
wh
′h;r
λ′λ;αβ(p, p
′, q) ≡ 〈h′ , λ′ ; p′ | (2pi)3 D˜5α(0)δ4 (q + p − P ) J˜rβ(0) |h , λ ; p 〉 −
〈h′ , λ′ ; p′ | (2pi)3 J˜rβ(0)δ4 (q + p − P ) D˜5α(0) |h , λ ; p 〉 . (3.30)
And finally the general form of the structure-function sum rule is∫ ∞
ν¯T
dν¯
ν¯
(
2ν¯ +M2h −M2h′
)wh′h;rλ′λ;αβ(p, p′, q)|q+=q⊥=0
+
1
(2p+)2
[ ∑
h′′
〈h′ , λ′ ; p′ | J˜+5α(0) |h′′ , λ′′ ; p′ 〉
[
i∂rp〈h′′ , λ′′ ; p′ | J˜+β (0) |h , λ ; p 〉
]|q+=q⊥=0
−c.t .
]
=
1
2p+
iαβγ
(
i∂rp〈h′ , λ′ ; p′ | J˜+5γ(0) |h , λ ; p 〉
)
|q+=q⊥=0 . (3.31)
Nucleon sum rule
Using the photoproduction conventions of Appendix B, the nucleon sum rule can be written
as ∫ ∞
−∞
dν¯
ν¯2
Crαβ(p, p′, q)|q+=q⊥=0 = −2iξT
{
GAα (0),
F V2β(0)
2mN
}
ξ e¯r⊥ (3.32)
where e¯r⊥ is defined in Appendix A. This then gives
gA
κV
2mN
=
4Fpi
epi
∫ ∞
ν¯T
dν¯
ν¯
Im A+1 (ν¯, 0) . (3.33)
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This sum rule was first written down by Fubini, Furlan and Rossetti (FFR1) [15, 49, 55]
who considered the matrix elements of the current commutators at infinite momentum. The
more general sum rule which they derived reduces to Eq. (3.33) in the forward limit. Recent
analyses which include chiral corrections using χPT are given in Refs. [56–58]. As is the case
with the GDH sum rule, this sum rule can also be expressed for the isoscalar magnetic moment
by choosing the appropriate currents in the derivation. There are also equivalent sum rules
where weak axial currents couple to the structure functions and constrain neutrino-nucleon
interactions [59].
3.4 Axial-Vector II
General case
Here we will adopt off-forward kinematics using the electroproduction conventions of Ap-
pendix B. Consider the matrix element between hadronic momentum states of the commuta-
tor, Eq. (2.29):
〈h′ , λ′ ; p′ |[ Q˜5α(x+) , r˜rsβ (x+) ]|h , λ ; p 〉 = i αβγ 〈h′ , λ′ ; p′ |r˜rs5γ(x+)|h , λ ; p 〉 . (3.34)
As in the vector-vector case, non-trivial sum rules are expected for ∆λ = ` = 0,±2. The
Born contribution to the LHS is:
1
2p+
(2pi)3δ( q+ )[ i∂rpi∂
s
p δ
2( q⊥ ) ]
×
[∑
h′′
〈h′ , λ′ ; p′ | J˜+5α(0) |h′′ , λ′′ ; p′ 〉〈h′′ , λ′′ ; p′ | J˜+β (0) |h , λ ; p 〉 − c.t .
]
(3.35)
while the RHS is
(2pi)3δ( q+ )[ i∂rpi∂
s
p δ
2( q⊥ ) ]i αβγ〈h′ , λ′ ; p′ | J˜+5γ(0) |h , λ ; p 〉 . (3.36)
And the general structure-function sum rule is:∫ ∞
ν¯T
dν¯
ν¯
(
2ν¯ +M2h −M2h′
)[ i∂rp′wh′h;sλ′λ;αβ(p, p′, q) + i∂sp′wh′h;rλ′λ;αβ(p, p′, q) ]|q+=q⊥=0
− 1
(2p+)2
[ ∑
h′′
〈h′ , λ′ ; p′ | J˜+5α(0) |h , λ′′ ; p′ 〉
(
i∂rpi∂
s
p〈h′′ , λ′′ ; p′ | J˜+β (0) |h , λ ; p 〉 ]
)
|q+=q⊥=0
−c.t .
]
= − 1
2p+
iαβγ
(
i∂rpi∂
s
p〈h′ , λ′ ; p′ | J˜+5γ(0) |h , λ ; p 〉
)
|q+=q⊥=0 . (3.37)
Nucleon sum rule
As the nucleon is a spin one-half object, there is no spin flip and therefore the sum rule is
proportional to δrs. The need for off-forward kinematics becomes clear as the sum rule is for
an electroproduction amplitude. The helicity label is omitted and the nucleon sum rule is:
−1
4
∫ ∞
−∞
dν¯
ν¯2
i∂rp′Crαβ(p, p′, q)|q+=q⊥=0 + ξT [GAα (0), F ′V1β (0)]ξ = iαβγξT G′Aγ (0)ξ . (3.38)
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Matching to the electroproduction amplitudes in Appendix B, only a single amplitude con-
tributes,
gA
6
(
〈r2〉V1 − 〈r2〉
A
)
=
4Fpi
epi
∫ ∞
ν¯T
dν¯
ν¯
Im A−6 (ν¯, 0) . (3.39)
This is a second sum rule first found by Fubini, Furlan and Rossetti (FFR2) [15, 49, 55].
A recent analysis of this remarkable sum rule that constrains the nucleon axial radius is
given in Ref. [60, 61], which incorporate chiral corrections. The sum rule compares very
favorably with experiment and is highly non-trivial as substantial cancellations take place
among contributions from distinct regions of the integral.
4 Symmetries of the S-matrix
4.1 Regge model expectations
The sum rules found above imply that the imaginary parts of the relevant forward scattering
amplitudes vanish in the Regge limit. Indeed, as described in the introduction, it is well
known that all of the sum rules can be derived by writing down an appropriate unsubtracted
dispersion relation and assuming the asymptotic behavior suggested by the Regge model.
Specializing to nucleon targets, Regge lore suggests the following Regge-limit behavior of the
amplitudes for which sum rules have been derived:
T[αβ](ν¯, 0) −−→
ν¯→∞ ν¯
αρ(0) (4.1)
for pion scattering,
T1[αβ](ν¯, 0)−−→
ν¯→∞ ν¯
αρ(0)−2 ; (4.2)
T3(αβ)(ν¯, 0)−−→
ν¯→∞ ν¯
α˜P (0)−1 ; (4.3)
T4(αβ)(ν¯, 0)−−→
ν¯→∞ ν¯
α˜P (0)−2 (4.4)
for Compton scattering on the nucleon and
A1(αβ)](ν¯, 0)−−→
ν¯→∞ ν¯
αω(0)−1 ; (4.5)
A6[αβ](ν¯, 0)−−→
ν¯→∞ ν¯
αa1 (0)−1 (4.6)
for pion photo/electroproduction on the nucleon. Here, αM (t) (with M = ρ, ω, a1) and
α˜P (t) are the leading odd- and even-signature Regge trajectories of definite G-parity, respec-
tively [15, 16], corresponding to the appropriate quantum numbers exchanged in the t-channel
of the process [62]. Suffice it to say that in all six cases, the intercepts are expected to be such
that unsubtracted dispersion relations can be written down. Therefore, the sum rules derived
above from QCD current algebra are consistent with Regge model expectations, and it is of
interest to express the constraints placed by QCD directly on the Regge-limit amplitudes.
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4.2 Dispersive representation
Consider a crossing-even forward scattering amplitude, t(ν¯), whose asymptotic behavior is a
priori constrained by the Froissart-Martin bound, which requires Im t(ν¯) < ν¯ ln2 ν¯ at large
ν¯ [10, 11, 63]. This scattering amplitude therefore satisfies a subtracted dispersion relation
Re t(ν¯)− Re t(ν¯s) = 2
pi
(ν¯2 − ν¯2s )P
∫ ∞
ν¯T
Im t(ν¯ ′)ν¯ ′dν¯ ′
(ν¯ ′2 − ν¯2)(ν¯ ′2 − ν¯2s )
, (4.7)
where P denotes principal value. At ν¯ = 0 the scattering amplitude is real and given by
t(0) = Re t(ν¯s) − 2ν¯
2
s
pi
P
∫ ∞
ν¯T
Im t(ν¯ ′)dν¯ ′
ν¯ ′(ν¯ ′2 − ν¯2s )
. (4.8)
Now if Im t(ν¯) vanishes asymptotically, which has been found for the amplitudes relevant to
the five sum rules derived above, then the limit ν¯s →∞ can be taken and one finds
t(∞) = t(0) − 2
pi
∫ ∞
ν¯T
dν¯
ν¯
Im t(ν¯) , (4.9)
where t(∞) is the Regge limit amplitude. This is the basic dispersion relation which underlies
all of the sum rules that have been derived above.
4.3 Regge limit amplitudes
The nucleon sum rules can now be matched to dispersion theory in order to give explicit
expressions for the relevant Regge-limit amplitudes. This is simply a question of expressing
the derivations of Section 3 in a slightly different manner. Some detail will be given for the
axial-axial case. Using the results of Section 3.1 gives
〈N ; p′ |
(
iαβγQ˜γ − [ Q˜5α(x+) , Q˜5β(x+) ]
)
|N ; p 〉 =
(2pi)3 2 p+ δ( q+ ) δ2( q⊥ )
[
i αβγ [Tγ ]N
(
1− g2A
) − F 2pi
pi
∫ ∞
0
dν¯
ν¯2
Im T[αβ](ν¯, 0)
]
. (4.10)
Now taking t(ν¯) → T[αβ](ν¯, 0)/ν¯ and matching Eq. (4.10) and Eq. (4.9) directly gives the
Regge-limit value of the amplitude10
T[αβ](ν¯, 0)
ν¯
| =
ν¯→∞
2
F 2pi
∫
dk+d2k⊥
2k+(2pi)3
〈N ; k′ |
(
iαβγQ˜γ − [ Q˜5α(x+) , Q˜5β(x+) ]
)
|N ; k 〉. (4.11)
The AW sum rule then follows directly from the axial-vector charge algebra. If one evaluates
this expression in the single-particle approximation using Eqs. (2.46) and (2.47), one recovers
the result found originally by Weinberg [3] who derived the pion-hadron scattering amplitude
from the most general chiral Lagrangian and extracted the leading term in the high-energy
10In addition one gets the correct (chiral-limit) low-energy theorem: D−(ν, 0)/ν|ν=0 = (1− g2A)/2F 2pi .
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expansion. This is gratifying as it demonstrates that these results are independent of the
choice of quantization surface, as of course must be the case.
The Regge-limit Compton amplitudes are derived in similar fashion, giving
ν¯ T1[αβ](ν¯, 0)| =
ν¯→∞− e
2δrs
∫
dk+d2k⊥
2k+(2pi)3
〈N ; k′|
(
iαβγ r˜
rs
γ (x
+)− [d˜rα(x+), d˜sβ(x+)]
)
|N ; k 〉 (4.12)
and
[
T3(αβ)(ν¯, 0) + ν¯T4(αβ)(ν¯, 0)
]
=
ν¯→∞−
ie2
2
rs
∫
dk+d2k⊥
2k+(2pi)3
〈N ; k′ |[ d˜rα(x+) , d˜sβ(x+) ]|N ; k 〉. (4.13)
The second result is homogeneous as the omitted term in the moment algebra is antisymmetric
in the isospin indices. Hence the CR and the GDH sum rules follow from the current algebra
on the transverse plane and in particular, Eq. (2.19). It is important to stress that these sum
rules are consequences of more than the symmetry algebra obeyed by the charges; they rely
on the infinite dimensional symmetry implied by the current algebra.
The pion photo/electroproduction Regge-limit amplitudes are
A1(αβ)(ν¯, 0)| =
ν¯→∞
ie
2Fpi
er⊥
∫
dk+d2k⊥
2k+(2pi)3
〈N, ↑; k′ |[ Q˜5α(x+) , d˜rβ(x+) ]|N, ↓; k 〉 (4.14)
and
A6[αβ](ν¯, 0)| =
ν¯→∞−
e
4Fpi
δrs
∫
dk+d2k⊥
2k+(2pi)3
〈N ; k′|
(
iαβγ r˜
rs
5γ(x
+)− [Q˜5α(x+), r˜rsβ (x+)]
)
|N ; k〉. (4.15)
The first result is homogeneous as the omitted term is antisymmetric in the isospin indices.
From these Regge-limit amplitudes, the FFR1 and FFR2 sum rules follow, respectively, from
the infinite dimensional symmetry implied by current algebra on the transverse plane, and in
particular, Eq. (2.20).
Eqs. (4.11-4.15), are the most important results of this paper as they are explicit ex-
pressions of Regge-limit amplitudes as matrix elements of QCD operators. As pointed out in
the discussion of Section 2.2, if the Regge-limit amplitudes for Compton scattering and/or
photo/electroproduction were found to be non-vanishing experimentally, that would indicate
the presence of additional terms in the current algebra which involve transverse gradients11.
The existence of such terms would break the infinite-dimensional chiral symmetry on the
transverse plane and leave only the global symmetry. From the perspective of the closed
algebra of Eqs. (2.35-2.37), if these brackets are augmented to include central extensions,
then the Regge-limit amplitudes are related to the matrix elements of these extensions. As
evidenced by the experimental success of the sum rules, these terms are effectively absent.
While obtained in the chiral limit, the Regge-limit equations are expected to remain valid
as the light-quark mass matrix is turned on, and therefore, together with dispersion theory,
11In the language of the Regge model, this corresponds to a fixed pole.
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they provide a starting point for the derivation of sum rules that properly account for both
chiral corrections and effects due to isospin violation (see, for instance, Ref. [46]). It is also
worth noting that in order not to violate the Froissart-Martin bound [10, 11] in the large-Nc
limit of QCD, the algebraic constraints recover the large-Nc consistency condition for the
baryon axial charges [64–66], and for the baryon magnetic moment and transition magnetic
moments [67], as they must12.
4.4 Transverse multipole expansion
As the forward limit probes long-distance scales, the various commutators formed from the
transverse moments of the vector and axial-vector charge distributions clearly obey a hierarchy
of scales on the transverse plane. Consider the following operator
H(5)α(R⊥) ≡
∫
d2r⊥F˜(5)α(r⊥) Φ(r⊥ + R⊥) , (4.16)
where F˜(5)α(r⊥) is the (axial-) vector charge distribution defined in Eq. (2.18) and Φ(r⊥)
is a c-number test function that is slowly varying in the vicinity of the charge distribution.
Note that we omit dependence on the null-plane time. By considering the nucleon matrix
elements of the commutators of Eq. (4.16) with the various transverse moments, one sees the
Regge-limit amplitudes emerging as the coefficients of the associated multipole expansion.
For instance, one finds∫
dk+d2k⊥
2k+(2pi)3
〈N ; k′ |
(
[ Q˜5α , Hβ(R⊥) ]− iαβγH5γ(R⊥)
)
|N ; k 〉 =
Fpi
e
[
A1(αβ)(∞, 0) ie¯r⊥∇rΦ(R⊥) + A6[αβ](∞, 0)∇2Φ(R⊥) + . . .
]
, (4.17)
where the trivial commutators have been evaluated to zero. This expansion is interesting as
it suggests the existence of an effective field theory that can be formulated entirely on the
transverse plane with operators whose coefficients give non-trivial information about high-
energy scattering in QCD.
5 Discussion and Conclusions
This work has considered the forward scattering of vector and axial-vector currents on hadronic
targets. It has long been known that there is a class of amplitudes whose observed asymptotic
behavior is sufficiently soft (softer than the unitarity bound) as to allow the use of unsub-
tracted dispersion relations to relate the integral over the imaginary part to the amplitude
at a low-energy point where it is known from soft-pion or soft-photon theorems. This behav-
ior of forward scattering amplitudes is usually justified using Regge pole theory, which is a
well-motivated and highly-successful phenomenological description whose origins in QCD are
unclear. In this paper, it has been shown that there is a class of scattering amplitudes whose
12See also Refs. [68, 69].
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Regge limit values can be calculated exactly, and expressed as matrix elements of null-plane
QCD operators, whose behavior is constrained by QCD current algebra on the transverse
plane. Specifically, the main conclusions of this paper are:
• Quantizing QCD on light-like hyperplanes leads to light-cone current algebras that are useful
for deriving sum rules for processes that scatter currents from arbitrary hadronic targets. In
particular, the infinite-dimensional algebra satisfied by null-plane axial-vector and vector
charge distributions leads to sum rules that are profitably derived by considering the Lie
brackets satisfied by the moments of the charge distributions. By considering the simplest
relations, a system of five sum rules was derived, which constrain the scattering of vector
and axial currents from arbitrary hadronic targets in accord with the allowed symmetries of
QCD. For the case of a nucleon target in the initial and final state, interacting with pions
and isovector photons, these sum rules reduce to the Adler-Weisberger (Eq. (3.13), Cabbibo-
Radicatti (Eq. (3.23), Gerasimov-Drell-Hearn (Eq. (3.25), and Fubini-Furlan-Rossetti sum
rules (Eq. (3.33 and Eq. (3.39)). One interesting implication of this result is that these
well-known sum rules are seen to share the same origin.
• The most general way of expressing the sum rules derived in this paper is as statements
about the relevant S-matrix elements in the Regge limit, Eqs. (4.11-4.15). In all cases con-
sidered, these constraints derived from QCD are consistent with Regge lore. As the algebraic
constraints, which are derived in the chiral limit, are not expected to change form in the
presence of explicit breaking of chiral symmetry, they serve —when combined with dispersion
theory— as the starting point for a derivation of a physical formulation of the sum rules
(involving pions) which incorporate the correct quark mass corrections rigorously.
• The moment sum rules illustrate the fundamental importance that algebraic chiral symme-
try places on the hadronic world via asymptotic constraints on S-matrix elements. It is clear
from the derivation of the sum rules that the algebraic chiral symmetry knows about dy-
namical chiral symmetry and vice-versa. For instance, from the Lie bracket of axial charges,
one can match onto dispersion theory and obtain the scattering amplitude at threshold (see
footnote 10), that is, the soft-pion theorem, which is computed using leading-order χPT in
the chiral limit. This is not surprising as the current algebra serves as a chiral Ward identity.
Alternatively, one can start in χPT in the chiral limit with non-linear realization of the chiral
symmetry, but include all allowed operators in the calculation of the forward amplitude. One
then sees that the Lie bracket satisfied by the axial charges is present in the leading term in
a high-energy expansion of the forward amplitude.
• A striking aspect of the results derived in this paper is the two-dimensional nature of
the constraints which arise from the infinite-dimensional chiral symmetry that exists on the
transverse plane. The two-dimensional nature of the sum rules is rather natural from the
perspective of null-plane quantization and has an interesting and intuitive partonic interpre-
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tation using renormalization group arguments (see, for instance, Ref. [22]). Here it should
be emphasized that from the perspective of QCD degrees of freedom, it is natural to expect
that high-energy scattering, and particularly the Regge limit, is governed by the dynamics of
partons on the transverse plane [70, 71].
We have focused specifically on those aspects of the Regge limit that appear to be con-
strained solely by symmetry, which arise, for instance, in the differences of cross-sections.
The total cross-sections, governed by the Pomeron in the Regge model language, are also
constrained by the current algebra. However, these constraints do not have the simple sym-
metry interpretation that we have seen here as they involve light-ray operators (light-like
correlations). They are therefore substantially more complex and will be considered else-
where.
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A Null-plane conventions
Coordinate conventions
Here we will introduce basic coordinate conventions that will be used throughout the paper.
Many additional details and derivations are given in Ref. [33] and in the many reviews on
null-plane quantization [18, 19, 31, 72–85].
Consider the light-like vectors nµ and n¯µ which satisfy n2 = n¯2 = 0 and n · n¯ = 1. Here
we will choose these vectors such that
nµ ≡ 1√
2
(1, 0, 0,−1) , n¯µ ≡ 1√
2
(1, 0, 0, 1) . (A.1)
In the front-form one chooses the initial quantization surface of the system to be on a light-like
plane, or null-plane, which is a hypersurface of points in Minkowski space such that x ·n = τ .
Here τ is a constant which plays the role of time. A null-plane is represented as Στn. We will
take the initial surface to be the null-plane Σ0n. A coordinate system adapted to null-planes
is then specified by the four-vector, xµ = (x+, x1, x2, x−) = (x+,x⊥, x−), where
x+ ≡ x · n = 1√
2
(x0 + x3) = τ , x− ≡ x · n¯ = 1√
2
(x0 − x3) (A.2)
are taken as the time variable and “longitudinal” lightlike position, respectively. The remain-
ing spacelike coordinates, x⊥ = (x1, x2) provide the “transverse” position. Note that the
components of a transverse vector do not have a ⊥ symbol; e.g. x2⊥ = xrxr. The metric
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tensor associated with this coordinate choice is
g˜µν = g˜µν =

0 0 0 1
0 −1 0 0
0 0 −1 0
1 0 0 0
 , (A.3)
and therefore only the raising and lowering of transverse indices incur a sign change. Trans-
lational invariance implies
O(x) = eiP ·xO(0) e−iP ·x . (A.4)
It then follows that a general operator O with non-trivial null-plane time dependence satisfies
[O(x) , P− ] = i ∂+O(x) . (A.5)
Here P− is the Hamiltonian that evolves a physical system in null-plane time.
Momentum eigenstates
We will write a general hadronic momentum eigenstate as:
|h , λ 〉 ≡ |h , λ ; p+ , p⊥ 〉 ≡ |h , λ ; p 〉 . (A.6)
Note that the label p in the rightmost ket is shorthand for the momentum variables and
should not be confused with the four-vector p = (p+,p⊥, p−). Here the label h includes any
additional variables that may be needed to specify the state of the hadron h when it is at
rest, and λ is the (total) helicity, the eigenvalue of the kinematical Poincare´ generator, J3:
J3 |h , λ 〉 = λ |h , λ 〉 . (A.7)
In the rest frame of the hadron, J3 = J3, the angular momentum operator [14]. The norm of
the momentum state is determined by unitarity up to a constant [14],
〈 p′+ , p′⊥ | p+ , p⊥ 〉 ∝ 2p+δ( p′+ − p+) δ2( p′⊥ − p⊥ ) (A.8)
which we choose so that the completeness relation is:∑
λ′′
∫
dk+d2k⊥
2k+(2pi)3
|λ′′ ; k+ , k⊥ 〉 〈λ′′ ; k+ , k⊥ | = 1 . (A.9)
Note that P = (P+,P⊥, P−) is the four-vector energy-momentum operator with dispersion
relation
P−|h , λ ; p 〉 = M
2 + P2⊥
2P+
|h , λ ; p 〉 = M
2
h + p
2
⊥
2p+
|h , λ ; p 〉 = p−|h , λ ; p 〉 . (A.10)
The momentum-state selection rules relevant to QCD symmetries are worked out in detail in
Ref. [86].
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Nucleon null-plane spinors
We will adopt the conventions of Ref. [13] which makes use of the Dirac representation of the
gamma matrices. What follows is an extension of results from Ref. [19]. (See also Ref. [87].)
Defining the holomorphic and anti-holomorphic transverse momenta:
p⊥ ≡ p1 + ip2 , p¯⊥ ≡ p1 − ip2 , (A.11)
and with the total Dirac bispinor normalized as
u¯λ′(p)uλ(p) = 2mN δλ′λ , (A.12)
the nucleon spinors with definite null-plane helicity can be written as
u↑(p) =
1
4
√
2
√
p+

p+ +mN/
√
2
p⊥/
√
2
p+ −mN/
√
2
p⊥/
√
2
 , u↓(p) = 14√2√p+

−p¯⊥/
√
2
p+ +mN/
√
2
p¯⊥/
√
2
−p+ +mN/
√
2
 , (A.13)
where ↑ (↓) denotes λ = 1/2 (−1/2). The bilinears that are relevant for this paper are
obtained from the explicit form of the null-plane helicity spinors,
u¯↑(p2)γ+u↑(p1) = 2
√
p+1 p
+
2 , u¯↓(p2)γ
+u↑(p1) = 0 ,
u¯↑(p2)σ+ru↑(p1) = 0 , u¯↓(p2)σ+ru↑(p1) = 2i
√
p+1 p
+
2 e
r
⊥ ,
u¯↑(p2)σ+−u↑(p1) =
imN (p
+
2 −p+1 )√
p+1 p
+
2
, u¯↓(p2)σ+−u↑(p1) =
i(p+1 p2⊥+p
+
2 p1⊥)√
p+1 p
+
2
,
u¯↑(↓)(p2)γ+γ5u↑(↓)(p1) = (−)2
√
p+1 p
+
2 , u¯↓(p2)γ
+γ5u↑(p1) = 0 ,
u¯↑(p2)γ5u↑(p1) =
mN (p
+
1 −p+2 )√
p+1 p
+
2
, u¯↓(p2)γ5u↑(p1) =
(p+2 p1⊥−p+1 p2⊥)√
p+1 p
+
2
,
u¯↑(p2)γ5σ+ru↑(p1) = 0 , u¯↓(p2)γ5σ+ru↑(p1) = 2i
√
p+1 p
+
2 e
r
⊥ ,
u¯↑(p2)γru↑(p1) =
(er⊥p
+
1 p¯2⊥ + e¯
r
⊥p
+
2 p1⊥)√
p+1 p
+
2
, u¯↓(p2)γru↑(p1) =
er⊥mN (p
+
1 −p+2 )√
p+1 p
+
2
,
u¯↑(p2)γ5γru↑(p1) = − (e
r
⊥p
+
1 p¯2⊥ + e¯
r
⊥p
+
2 p1⊥)√
p+1 p
+
2
, u¯↓(p2)γ5γru↑(p1) = −e
r
⊥mN (p
+
1 +p
+
2 )√
p+1 p
+
2
,
(A.14)
where the two-dimensional vectors are er⊥ = (1, i) and e¯
r
⊥ = (1,−i) and satisfy e¯r⊥es⊥ =
δrs + irs. Note that not all of the relations in Eq. (A.14) are independent.
B Nucleon scattering conventions
Forward pion scattering
We use the standard pion-nucleon scattering conventions of Ref. [63]. In particular the energy
is expressed in terms of the variable ν = (s− u)/4mN = ν¯/mN . As we are working strictly
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in the chiral limit, some care is needed in the definition of the amplitude. The off-shell Green
function relevant to pion-nucleon scattering can be written
Tαβ(p′, q′; p, q) = i(M2pi − q2)(M2pi − q′2)
∫
d4x eiq·x 〈N ; p′ |T (p˜iα(x)p˜iβ(0)) |N ; p 〉 . (B.1)
Using Eq. (2.5), and placing the pions on their mass shell (i.e. taking the chiral limit) gives
the pion-nucleon scattering amplitude, Tαβ(ν, t). In the forward direction,
Tαβ(ν, 0) = Tαβ(p, q) = i
F 2pi
∫
d4x eiq·x 〈N ; p |T
(
D˜5α(x)D˜5β(0)
)
|N ; p 〉 . (B.2)
The crossing properties of the amplitude follow from the symmetry of the time-ordered prod-
uct
Tαβ(ν, 0) = Tβα(−ν, 0) . (B.3)
The forward amplitude has the standard decomposition
Tαβ(ν, 0) = u¯λ(p)Dαβ(ν, 0)uλ(p) , (B.4)
with
Dαβ = δαβD
+ + 2iαβγTγD
− . (B.5)
Therefore
T[αβ](ν, 0) = 2mNξT
(
2iαβγTγD
−(ν, 0)
)
ξ = 4imN αβγ [Tγ ]ND
−(ν, 0) , (B.6)
where Eq. (A.12) has been used. It follows from Eq. (B.3) that
D±(ν, 0) = ±D±(−ν, 0) . (B.7)
Defining
Cαβ(p, q) ≡ 1
2pi
∫
d4x eiq·x 〈N ; p |[D˜5α(x), D˜5β(0)]|N ; p 〉 , (B.8)
one then finds
Im Tαβ(p, q) = pi
F 2pi
Cαβ(p, q) = pi
F 2pi
wNNλ;αβ(p, q) , (B.9)
where λ = ±1/2. Note that the imaginary part of the scattering amplitude has crossing-
symmetry properties that are opposite to that of the scattering amplitude itself due to the
presence of the commutator. The optical theorem states
ImD±(ν, 0) = k σ±tot(ν) , (B.10)
where k =
√
ν2 −M2pi = ν is the lab momentum of the incoming pion, and
σ±tot(ν) =
1
2
(
σpi
−p
tot (ν) ± σpi
+p
tot (ν)
)
. (B.11)
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Forward Compton scattering
The forward Compton scattering amplitude is
T µναβ (p, q) = ie2
∫
d4x eiq·x 〈N ; p |T
(
J˜µα(x)J˜
ν
β (0)
)
|N ; p 〉 , (B.12)
and can be decomposed as
Tµναβ (p, q) =
[
q2pµpν − ν¯ (pµqν + pνqµ) + ν¯2gµν ]T1αβ(ν¯, q2) + (qµqν − gµν)T2αβ(ν¯, q2)
+ iµνκδsκqδT3αβ(ν¯, q
2) + iq · sµνκδpκqδT4αβ(ν¯, q2) , (B.13)
where sµ = u¯λ(p)γ
µγ5uλ(p) is the nucleon four-vector spin. The crossing properties of the
amplitude follow from the symmetry of the time-ordered product
T µναβ (ν, 0) = T νµβα (−ν, 0) . (B.14)
One can further define
Cµναβ(p, q) =
1
2pi
∫
d4x eiq·x 〈N ; p | [ J˜µα(x) , J˜νβ (0) ] |N ; p 〉 , (B.15)
where
Crsαβ(p, q) = wNN ;rsλ′λ;αβ(p, q) . (B.16)
A Lorentz-invariant decomposition is
Cµναβ(p, q) =
[
q2pµpν − ν¯ (pµqν + pνqµ) + ν¯2gµν ]W1αβ(ν¯, q2) + (qµqν − gµν)W2αβ(ν¯, q2)
+ iµνκδsκqδW3αβ(ν¯, q
2) + iq · sµνκδpκqδW4αβ(ν¯, q2) . (B.17)
It is straightforward to find
Im Tiαβ(ν¯, q
2) = pie2Wiαβ(ν¯, q
2) . (B.18)
Again the imaginary part has opposite crossing-symmetry properties to the amplitude itself.
The crossing properties that are relevant for this paper are
W1[αβ](ν¯, q
2) = W1[αβ](−ν¯, q2) ; (B.19)
W3(αβ)(ν¯, q
2) = −W3(αβ)(−ν¯, q2) ; (B.20)
W4(αβ)(ν¯, q
2) = W4(αβ)(−ν¯, q2) . (B.21)
Defining
W1[αβ](ν¯, q
2) = 2iαβγ [Tγ ]NW1(ν¯, q
2) ; (B.22)
W3(αβ)(ν¯, q
2) = δαβW3(ν¯, q
2) ; (B.23)
W4(αβ)(ν¯, q
2) = δαβW4(ν¯, q
2) , (B.24)
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one has the optical theorems [15]
pie2 ν¯ W1(ν¯, 0) =
1
2
(
σγ
−p
tot (ν¯) − σγ
+p
tot (ν¯)
)
= −
(
2σV1/2(ν¯) − σV3/2(ν¯)
)
(B.25)
where in the last step an isospin rotation has been performed, and
pie2 ν¯ (W3(ν¯, 0) + ν¯W4(ν¯, 0)) =
1
2
(
σVP (ν¯) − σVA (ν¯)
)
. (B.26)
The various cross-sections are defined in the text.
Photo/electroproduction
The electroproduction amplitude is
T µαβ(p, p′, q) =
ie
Fpi
∫
d4x eiq·x 〈N ; p′ |T
(
D˜5α(x)J˜µβ (0)
)
|N ; p 〉 , (B.27)
and can be decomposed into Lorentz invariant amplitudes as [88]
T µαβ(p, p′, q) = iu¯λ′(p′) γ5
6∑
i=1
ϑµi A
i
αβ(ν¯, t, q
2) uλ(p) (B.28)
where
ϑµ1 =
1
2
(γµ 6q − 6qγµ) , ϑµ2 = Pµ(2q′ · q − q2)− P · q(2q′µ − qµ) ; (B.29)
ϑµ3 = γ
µq′ · q − 6qq′µ , ϑµ4 = 2γµP · q − 2 6qPµ −mN (γµ 6q − 6qγµ) ; (B.30)
ϑµ5 = q
µq′ · q − q′µ q2 , ϑµ6 = qµ 6q − γµ q2 , (B.31)
and P = (p + p′)/2. Here we have generalized q to non-vanishing space-like momentum
transfer, q = (0,q⊥, q−) while maintaining q′ = (0,0, q′−). Therefore, t = q2 = −q2⊥. In the
case of photoproduction, only the first four amplitudes are non-vanishing whereas generally
all six contribute to electroproduction.
One further defines
Cµαβ(p, p′, q) =
∫
d4x eiq·x 〈N ; p′ | [ D˜5α(x) , J˜µβ (0) ] |N ; p 〉 , (B.32)
where
Crαβ(p, p′, q) + Crαβ(p, p′,−q) = wNN ;rλ′λ;αβ(p, p′, q) . (B.33)
A Lorentz-invariant decomposition is
Cµαβ(p, p′, q) = iu¯λ′(p′) γ5
6∑
i=1
ϑµi W iαβ(ν¯, q2) uλ(p) . (B.34)
It is straightforward to find
Im Aiαβ(ν¯, q
2) =
epi
Fpi
Wiαβ(ν¯, q2) . (B.35)
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The crossing properties that are relevant for this paper are
W1(αβ)(ν¯, q2) = −W1(αβ)(−ν¯, q2); (B.36)
W6[αβ](ν¯, q2) = −W6[αβ](−ν¯, q2). (B.37)
One defines
W1(αβ)(ν¯, q2) = δαβW+1 (ν¯, q2) = δαβ
Fpi
epi
Im A+1 (ν¯, q
2); (B.38)
W6[αβ](ν¯, q2) = 2iαβγTγW−6 (ν¯, q2) = 2iαβγTγ
Fpi
epi
Im A−6 (ν¯, q
2). (B.39)
As these amplitudes occur within the nucleon (iso)spinors, it is useful to define the amplitudes
with the isospinors present
Ai(ν¯, q2) ≡ ξT Ai(ν¯, q2) ξ . (B.40)
C Nucleon form factor conventions
Vector form factor
Our convention for the nucleon vector form factors is
〈N , λ′ ; p′ | J˜µα(0) |N , λ ; p 〉 = u¯λ′(p′)
[
γµ F V1α(q
2) +
iσµνqν
2mN
F V2α(q
2)
]
uλ(p) , (C.1)
with q = p′ − p and
F Viα(q
2) ≡ TαF Vi (q2) (C.2)
with i = 1, 2 and Tα = τα/2, and F
V
1 (q
2) and F V2 (q
2) are the Dirac and Pauli form factors,
respectively. The isovector and isoscalar form factors decompose into proton and neutron
form factors as:
F Vi (q
2) = F pi (q
2) − Fni (q2) , FSi (q2) = F pi (q2) + Fni (q2) , (C.3)
and F p1 (0) = 1, F
n
1 (0) = 0, F
p
2 (0) = κp, and F
n
2 (0) = κn, and therefore F
V
1 (0) = F
S
1 (0) = 1,
F V2 (0) = κp − κn = κV and FS2 (0) = κp + κn = κS . The electromagnetic form factors are
then given by
FEMi (q
2) = 12F
S
i (q
2)1 + F Vi (q
2)T3 . (C.4)
The q2 expansion of the Dirac form factor gives
F V1 (q
2) = 1 +
q2
6
〈r2〉V1 + . . . (C.5)
so that the isovector Dirac radius is
〈r2〉V1 = 6
dF V1 (q
2)
dq2
|q2=0 = 6F V1
′
(0) . (C.6)
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The form factors can be expressed in terms of nucleon matrix elements using the null-plane
momentum eigenstates and spinor decomposition given in Appendix A. Noting that q+ = 0
in all matrix elements that we consider, one then readily finds
〈N, ↑ ; p′| J˜+α (0) |N, ↑ ; p〉 = 〈N ; ↓ ; p′| J˜+α (0) |N ; ↓ ; p〉 = 2p+ξTF V1α(q2)ξ ; (C.7)
〈N ; ↑ ; p′| J˜+α (0) |N ; ↓ ; p〉 = −2p+q¯⊥ξT
F V2α(q
2)
2mN
ξ ; (C.8)
〈N ; ↓ ; p′| J˜+α (0) |N ; ↑ ; p〉 = 2p+q⊥ξT
F V2α(q
2)
2mN
ξ . (C.9)
Axial form factor
The nucleon axial-vector form factor is
〈N , λ′ ; p′ | J˜µ5α(0) |N , λ ; p 〉 = u¯λ′(p′)
[
γµGAα (q
2) +
qµ
2mN
GPα (q
2)
]
γ5 uλ(p) . (C.10)
where
GA,Pα (q
2) = TαG
A,P (q2) . (C.11)
The q2 expansion of the axial form factor is
GA(q2) = gA
(
1 +
q2
6
〈r2〉A + . . .
)
(C.12)
so that the axial root-mean square radius is
gA 〈r2〉A = 6dG
A(q2)
dq2
|q2=0 = 6GA′(0) . (C.13)
The axial form factors can be expressed in terms of nucleon matrix elements using the null-
plane momentum eigenstates and spinor decomposition give in Appendix A. Noting that
q+ = 0 in all matrix elements that we consider, one then readily finds
〈N, ↑ ; p′| J˜+5α(0) |N, ↑ ; p〉 = −〈N ; ↓ ; p′| J˜+5α(0) |N ; ↓ ; p〉 = 2p+ξTGAα (q2)ξ ; (C.14)
〈N ; ↑ ; p′| J˜+5α(0) |N ; ↓ ; p〉 = 0 . (C.15)
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